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Distintictive features of supersolids show up in their rotational properties. We calculate the
moment of inertia of a harmonically trapped dipolar Bose-Einstein condensed gas as a function
of the tunable scattering length parameter, providing the transition from the (fully) superfluid to
the supersolid phase and eventually to an incoherent crystal of self-bound droplets. The transition
from the superfluid to the supersolid phase is characterized by a jump in the moment on inertia,
revealing its first order nature. In the case of elongated trapping in the plane of rotation we show
that the the moment of inertia determines the value of the frequency of the scissors mode, which is
significantly affected by the reduction of superfluidity in the supersolid phase. The case of isotropic
trapping is instead well suited to study the formation of quantized vortices, which are shown to be
characterized, in the supersolid phase, by a sizeable deformed core, caused by the presence of the
sorrounding density peaks.
PACS numbers: 03.75.Hh, 03.75.Lm, 03.75.Gg, 67.85.-d
The study of the rotational behavior of a many-body
system provides a crucial test to identify the effects of
superfluidity. This test became particularly important
when experimentalists tried to investigate the possible
signature of superfluidity in a crystal of solid 4He [1],
looking for deviations of the moment of inertia from the
classical rigid body value by means of a torsional oscilla-
tor. These experiments were later shown to be inconclu-
sive in providing evidence for the long sought effect of su-
persolidity [2, 3]. Ultracold atoms have eventually proved
to be more efficient platforms for realizing a supersolid.
In 2017 two experiments reported on the first creation of
supersolidity employing Bose-Einstein condensates inside
optical resonators [4, 5] and spin-orbit coupled mixtures
[6]. The teams of Florence [7], Stuttgart [8] and Inns-
bruck [9] have later observed supersolid properties in a
harmonically trapped dipolar Bose-Einstein condensate,
revealing at the same time the effects of the crystal mod-
ulation of the density profiles and the ones of coherence.
More recent works of the same teams [10–12] measured
the Goldstone modes associated with the spontaneous
breaking of the relevant symmetries characterizing the
supersolid phase. On the theoretical side much work has
been devoted in the past to the description of the su-
persolid phase of many-body systems and its superfluid
behavior [13–17], emphasizing the peculiar features ex-
ploited by systems interacting with soft-core finite-range
potentials [18–21], the role of spin-orbit coupling [22] and
of long-range dipolar interactions [23–25].
The purpose of the present Letter is to provide first
theoretical predictions concerning the rotational prop-
erties of a harmonically trapped supersolid dipolar gas,
yielding unique information on the superfluid behavior of
∗Corresponding Author: alessio.recati@ino.it
such a system, through the deviation of its moment of in-
ertia from the rigid value and the emergence of quantized
vortices. The experimental investigation of such effects is
presently missing. Special emphasis will be given to the
role played by the trapping potential which favors the
direct observability of these relevant superfluid effects.
Our focus on the moment of inertia rather than on the
superfluid density [23, 25] is motivated by the fact that
this latter quantity can be properly identified only in the
presence of a periodic configuration [26]. The moment
of inertia instead characterizes the global superfluid be-
havior of the non-uniform system and can be easily cal-
culated also in the presence of harmonic trapping and
inhomogeneous phases.
We will first consider the case of an axially deformed
trapping potential in the rotational plane, where the mo-
ment of inertia dictates the value of the experimentally
measurable frequency of the scissors mode, corresponding
to an oscillating rotation of the gas around the symmetry
axis of the trap. In the second part of the Letter we will
consider the case of an isotropic oblate trap. In the su-
persolid phase a rigid body rotation affecting the moment
of inertia is observed, due to the modulated structure of
the density and, even more interestingly, we show that at
higher angular velocities, the system can sustain quan-
tized vortices with deformed cores.
Moment of Inertia and the Scissors Mode. A
major interest in studying the so-called scissors mode
is that its frequency depends in a crucial way on the
value of the moment of inertia of the system. The scis-
sors mode [27, 28] was first observed in nuclear physics
[29], where it consists of the relative oscillating rotation
between neutrons and protons in deformed atomic nu-
clei. In atomic physics it was predicted [30] and soon
measured [31] in atomic Bose-Einstein condensates con-
fined by an anisotropic external potential, confirming
the typical irrotational behavior predicted by superflu-
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2idity. It was later studied and observed also in ultra-
cold Fermi gases [32, 33] and in 2D Bose gases [34]
as well as, more recently, in droplets of dipolar gases
[35]. An easy estimate of the frequency of the scis-
sors mode is provided by the sum rule approach [36]
based on the ratio m1(Lz)/m−1(Lz) between the en-
ergy weighted and the inverse energy weighted mo-
ments mp(Lz) =
∫
dω ωpS(Lz, ω) of the dynamic struc-
ture factor S(Lz, ω) =
∑
n | 〈n| Lˆz |0〉 |2δ(~ω − ~ωn) rel-
ative to the angular momentum operator Lˆz. Assum-
ing the gas is confined in a harmonic potential Vho(r) =
m/2(ω2xx
2 + ω2yy
2 + ω2zz
2), the energy weighted moment
takes the form (f-sum rule) 2m1(Lz) = 〈[Lˆz, [Hˆ, Lˆz]〉 =
N~2m(ω2y − ω2x)〈x2 − y2〉, with N and m the atom num-
ber and the atom mass, respectively. It holds in general
for central potentials commuting with the angular mo-
mentum operator, and hence applies also to the case of
the anisotropic dipolar interaction, provided one chooses
the component of the angular momentum along the di-
rection (z) of the dipole moments. In this case the
commutator [
∑
ij Vdd(ri − rj), Lˆz] vanishes identically,
Vdd(ri − rj) = µ0µ
2
4pi
1−3 cos2 θ
|ri−rj |3 being the dipole-dipole in-
teraction between two identical magnetic dipoles aligned
along the z-axis, θ the angle between the vector ri − rj
and the polarization direction z, while µ is the atomic
dipole moment and µ0 the vacuum permeability. The in-
verse energy weighted moment is instead related to the
moment of inertia per particle Θ through the relation
2m−1(Lz) = NΘ. The moment of inertia is calculated
by applying the static perturbation −ΩLˆz to the system
and using the standard definition NΘ = limΩ→0〈Lˆz〉/Ω.
Then the result for the frequency of the scissors mode
takes the useful expression
(~ωsc)2 =
~2m(ω2y − ω2x)〈x2 − y2〉
Θ
. (1)
At zero temperature, the dipolar gas is fully character-
ized by a macroscopic wave function Ψ(r, t) whose evo-
lution is given by an extended Gross-Pitaevskii equation
(eGPE) [37]
i
∂
∂t
Ψ(r, t) =
[
− ~
2
2m
∇2 + Vho(r) + g|Ψ(r, t)|2
+
∫
dr′Vdd(r− r′)|Ψ(r′, t)|2 + γ(εdd)|Ψ(r, t)|3
]
Ψ(r, t),
(2)
where the coupling constant g = 4pi~2a/m is fixed by the
s-wave scattering length a and εdd = µ0µ
2/(3g) = add/a
(add is the so-called dipolar length) is the ratio between
the strength of the dipole-dipole and the contact inter-
action. The last term is the local density approxima-
tion of the beyond-mean-field Lee-Huang-Yang (LHY)
correction [38], with γ(εdd) =
16
3
√
pi
ga
3
2
∫ pi
0
dθ sin θ[1 +
εdd(3 cos
2 θ − 1)] 52 . The LHY term is crucial in order
FIG. 1: Typical stationary in-situ density profiles obtained
from the stationary solution of the eGPE (2), for different
values of εdd (lengths are given in terms of the harmonic os-
cillator length az =
√
~/mωz = 0.87µm). Three different
regimes are clearly distinguishable: a) superfluid phase (for
εdd = 1.32), b) supersolid phase (for εdd = 1.43), and c) an
incoherent crystal of self-bound droplets (for εdd = 1.55). No-
tice that the color scale is saturated in (b) and (c), where the
maximum value of the density reaches na3z = 900 and 1800,
respectively.
to describe the supersolid phase and the occurrence of
self-bound droplets. The use of the LHY term in Eq. (2)
has been shown to work pretty well when compared with
more microscopic (Monte Carlo) calculations [39] and to
properly capture the physics of the system when com-
pared with experiments. The same has been shown to be
the case for self-bound droplets of quantum mixtures [40–
44].
First of all we determine the ground state configura-
tions by evolving the eGPE in imaginary time starting
from a guess wave function. For the sake of concrete-
ness we consider N = 4 × 104 164Dy atoms confined in
a harmonic potential with trapping frequencies equal to
ωx,y,z = 2pi × (20, 40, 80) Hz. Such isotope has a dipo-
lar length add = 131a0 (a0 the Bohr radius) and it has
been recently shown to have a much longer lifetime with
respect to the other magnetic atoms (162 Dy and 166 Er)
[9].
The eGPE admits solutions of different nature depend-
ing on εdd, which can be experimentally tuned by modi-
fying the s-wave scattering length through Feshbach res-
onances. We find that for εdd < 1.42 the solution cor-
responds to a fully superfluid Bose-Einstein condensate
(Fig. 1(a)), with the shape of the density profile given
by an inverted parabola [45]. As εdd increases the role of
the dipolar interaction becomes more and more impor-
tant and is at the origin of a rotonic structure in the exci-
tation spectrum [46, 47], observed experimentally in [48].
The softening of the roton gap eventually causes the tran-
sition to a density modulated structure: in the interval
1.42 < εdd < 1.52 the density profile of the equilibrium
configuration is characterized by typical overlapping den-
sity peaks, corresponding to the supersolid phase (see
Fig. 1(b)). For larger values of εdd the density peaks do
not overlap any more and form an incoherent crystal of
self bound droplets (see Fig. 1(c)).
Knowing the phase digram for our parameters we
have determined the moment of inertia by adding the
term −ΩLˆzΨ to the eGPE (2) and evaluating the cor-
responding value of the angular momentum. Since the
velocity field obtained within the eGPE has the irrota-
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FIG. 2: a) Moment of inertia Θ, in units of the rigid value,
as function of εdd. The black solid line shows the results of
the eGPE calculations carried out with an angular momen-
tum constraint and the red dotted line shows the estimate
given by Eq. (3). b) Frequency of the scissor mode, as func-
tion of εdd. The black dotted line corresponds to the sum
rule estimate (1). Red circles correspond to the frequency of
the time-dependent signal 〈xy〉 obtained from GP real-time
simulations.
tional form v(r) = ~m∇S(r), fixed by the gradient of
the phase S(r) of the macroscopic wave function Ψ(r) =√
n(r) exp(iS(r)), this theory cannot describe a rigid ro-
tational flow of the form v = Ω ∧ r. Nevertheless, if
the density profile is not rotationally invariant the mo-
ment of inertia can become large and even approach the
rigid value, Θrig =
∫
dr(x2 + y2)n(r), despite the irrota-
tionality of the flow, as a consequence of the mechanical
drag caused by the rotation. It is worth mentioning that
this is the case even in the absence of supersolidity if
the trapping potential is highly elongated. It is, in fact,
immediate to see that the irrotational expression [49]
Θirr =
( 〈x2 − y2〉
〈x2 + y2〉
)2
Θrig (3)
for the moment of inertia, holding for a fully superfluid
trapped gas, approaches the rigid value for highly de-
formed configurations corresponding to |〈x2 − y2〉| '
〈x2 +y2〉. In this extreme limit it is not possible to reveal
the effects of superfluidity through the measurement of
the scissors frequency Eq. (1) and it is therefore conve-
nient to work with moderately deformed traps. For this
reason we have chosen the value ωy/ωx = 2 for the in-
plane aspect ratio. Result (3) can be derived employing
a variational procedure based on the ansatz S = αxy for
the phase of the macroscopic wave function.
The results for the moment of inertia are reported in
Fig. 2(a) in units of the rigid value. In the supersolid
phase the ratio Θ/Θrig significantly increases as a conse-
quence of the presence of the density peaks which pro-
FIG. 3: a) Moment of inertia of a dipolar gas in an isotropic
harmonic potential as a function of εdd. The brown dashed
lines indicate the position of the two jumps. b) Zoom in
the region 1.315 < εdd < 1.34, where the moment of inertia
presents the two jumps. c) and d) Plot of the density in the
region where the system presents a single-triangular cell and
a two-triangular cell configuration, respectively.
vides a solid-like contribution to Θ. The transition be-
tween the superfluid and the supersolid phase is charac-
terized by a visible jump that reflects its first order na-
ture. By further increasing the value of εdd the moment
of inertia eventually approaches the rigid value, reflect-
ing the crystalline nature of the self-bound droplet phase.
Even in the crystal phase the rigid body value is not ex-
actly achieved since each droplet is itself superfluid and
cannot host a rigid rotational motion. However, because
of the small size of each droplet (compared to the inter
droplet distance) as well as of the anistropy of the trap,
the difference between the rigid body value and the one
of the crystal phase is almost negligible. In the very elon-
gated case reported in Fig. 2 it amounts to a few percent
for the largest values of εdd. In Fig. 2 we also report
(see red dotted line) the prediction of the approximate
variational estimate (3), which perfectly matches the nu-
merical result in the fully superfluid regime (εdd < 1.43),
while for larger values of εdd it underestimates the actual
value of the moment of inertia.
The moment of inertia can be used to estimate the
frequency of the scissors mode, employing Eq. (1). The
predicted value ranges from the usual Bose-Einstein con-
densate value
√
ω2y + ω
2
x = 2.23ωx [30] for εdd → 0, to
the value
√
ω2y − ω2x = 1.73ωx in the opposite limit of
large εdd, when 〈y2〉  〈x2〉 and the moment of iner-
tia takes the rigid value. The results for the frequency
obtained within the sum rule approach are reported as
red dots in Fig. 2(b) as a function of εdd. In order to
certify the validity of the sum rule prediction we have
carried out real-time simulations of the eGPE by gen-
erating initially a sudden rotation of the confining trap.
The relevant signal associated with the rotation of the
cloud is provided by the quantity 〈xy〉. The simulation
reveals the occurrence of a single well defined frequency
for all values of εdd, which is in perfect agreement with
4the sum rule approach as shown by the black triangles
in Fig. 2(b). Measuring the jump in the frequency of
the scissors mode at the superfluid-supersolid transition
would provide an important indication of its first order
nature.
Moment of Inertia and Quantized Vortices in an
Isotropic Trap. If the confining potential is isotropic
in the rotational plane (ωx = ωy) we find that, for
N = 105 164Dy atoms and trapping frequencies equal
to ωx,y,z = 2pi × (40, 40, 80) Hz, the formation of the
supersolid phase emerges at the value εdd = 1.32, with
a density profile characterized by overlapping droplets
arranged in triangular cells (see also [25]). The num-
ber and the distribution of the peaks depends on the
atom number, the trapping frequencies and the scatter-
ing length. Nevertheless, the distance between droplets is
essentially the same for all the configurations considered
in the present work, and it agrees rather well with the
value of 2pi/qR = 4.5az predicted in 2D uniform matter
[46], where the roton wave vector qR is determined by
the axial confinement length az =
√
~/(mωz) = 0.87µm.
The moment of inertia, determined as before by adding
the angular momentum constraint −ΩLˆzΨ to the eGPE,
is reported in Fig. 3. In the case of isotropic trapping
the moment of inertia exactly vanishes in the fully super-
fluid phase because of the perfect isotropic symmetry of
the density profile. It exhibits a jump at the transition
to the supersolid phase, much smaller than in the case
of elongated trapping. The reason is that the presence
of the droplets in the supersolid regime does not drasti-
cally reduce the superfluid fraction in an isotropic trap
as it does in the elongated case. This jump is followed
by a further jump around εdd = 1.335, corresponding to
a change of the supersolid structure from the single-cell
(Fig. 3(c)) to the two-cell (Fig. 3(d)) configuration. For
larger values of εdd, the moment of inertia continues in-
creasing. The global behavior is similar to the one of
the normal (non-superfluid) density at zero temperature,
calculated in periodic configurations as a function of εdd,
both in the 1D [23] and in the 2D [25] case. In order to
get a better insight in the results we show in Fig. 4 the
velocity field v(r) = (~/m)∇S(r) of the rotating super-
solid (εdd = 1.347). Despite the irrotational nature of the
eGPE, the figure clearly reveals the rotational motion of
the droplets through the superfluid, which reacts to the
motion of the droplets.
The isotropic rotating configuration is very well suited
to explore another important effect of superfluidity, i.e.,
the emergence of quantized vortices at high angular ve-
locity Ω. Indeed we find that, at higher values of the
angular velocity, the supersolid is able to sustain a quan-
tized vortex, thanks to the existence of an important su-
perfluid component. In Fig. 5 we show the 2D density
profiles of rotating supersolid configuration at frequency
Ω = 0.1ωx both in the single-cell and the two-cell struc-
ture case. The presence of the vortex is clearly revealed
by the vanishing of the density in the region of the vortex
core (and - not shown - by the typical divergent behav-
FIG. 4: Velocity field of a supersolid at small Ω. The droplets
partially follow the rigid body rotation, being dragged by the
−ΩLˆz term of the hamiltonian.
FIG. 5: Density plots of the ground state and vortical config-
uration: (a) and (c) in the single-triangular cell structure for
εdd = 1.334; (b) and (d) in the case of a two-triangular cell
structure obtained for εdd = 1.351.
ior of the velocity field in the proximity of the center of
the core), an effect directly measurable in future experi-
ments. Remarkably, due to the small value of the density
in the superfluid region and the vicinity of the sorround-
ing droplets, the core of the vortex is large and deformed.
The core deformation strongly depends on the structure
of the droplets, being triangular-shaped and oblate in
Fig. 5(b) and (d), respectively.
In conclusion we have shown that supersolid dipolar
atomic gases confined in harmonic traps reveal impor-
tant superfluid features. In the case of elongated con-
figurations in the plane of rotation we have shown that
the frequency of the scissors mode is a direct indicator
of the effects of superfluidity on the moment of inertia,
while in the case of isotropic trapping we have shown
that, remarkably, the supersolid can host a quantized vor-
tex whose core exhibits a characteristic deformed shape,
5caused by the presence of the sorrounding droplets. Our
theoretical predictions suggest that future measurements
of the rotational effects will provide new light on the su-
perfluid behavior of these novel systems.
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